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CONSTRUCTING PRIME-FIELD PLANAR CONFIGURATIONS
GARY GORDON
ABSTRACT. An infinite class of planar configurations is constructed with distinct
prime-field characteristic sets (i.e., configurations represented over a finite set of
prime fields but over fields of no other characteristic). It is shown that if p is
sufficiently large, then every subset of k primes between p and f(p, k) forms such a
for constants A and B). In particular, for
set (where f(p, k) = 2[(f-Ak3//2)Bk3/21
every positive integer k, there exist infinitely many planar matroid configurations
set of
Ci, k with IXpf(Ci k)I = k (where Xpf(C) denotesthe prime-fieldcharacteristic

C). We also give a resultconcerningcofiniteprime-fieldcharacteristicsets.

1. Introduction.We are interestedin the problemof constructingfinite configurations C of points and lines such that C can be representedpreciselyover fields of
given characteristics,wherethe characteristicshave been previouslyspecified.More
precisely,for a planarconfigurationC of points and lines, define the characteristic
set x(C) to be a set of primes(perhapsincludingzero) such thatp E X(C) if and
only if thereis some field F of characteristic
p and some subset C' of the projective
plane PG(2, F) such that C and C' have the sameincidences.Let P = {0, 2, 3, 5,. .. }
denote the set of all field characteristics.Then X C P is a characteristicset if
X = x (C) for some configurationC. Finally, if there is a C such that p E x (C)
implies C can be embedded in PG(2, p), we call X a prime-field characteristicset, and

denote it xpf(C) or Xpf.
Since such finite configurationsare planar matroids,we can restate the above
definitionsin terms of matroidrepresentationtheory. In these terms,p E x(C) if
thereis a field F of characteristic
p and a rankthreematrixM with entriesin F such
that:
(1) Thereis a one-to-onecorrespondencebetweenthe points of C and the columns
of M.
(2) Threepoints are collinearin C if and only if the correspondingthreecolumns
of M arelinearlydependent.
In what follows, we use the terms "matroid","configuration"and "matroid
configuration"interchangeablyto referto a rank threematroid.In addition,we use
whenno confusioncan arise.
"point"(of C) and "column"(of M) interchangeably,
for
matroids were formally defined by Ingleton [6], while
Characteristicsets
prime-fieldsets were introducedby Brylawski[1]. The study of possiblecharacteristic sets, however,appearsimplicitlyin the work of Pappus,Pascal,Descarguesand
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Fano. Subsequently,it has been shownthat:
(1) 0 E X(C) x(C) is cofinite(Rado[8]).
(2) X(C) infinite * 0 E x(C) (Vamos[11]).
(3) Every cofinite characteristicset (necessarilyincluding0) is realizable(Reid
unpublishedbut see [2]).
(4) All finite characteristicsets (necessarilyexcluding0) are realizable(Kahn[7]).
The questionsconcerningboth finite and cofinite characteristicsets were solved
using fields which containmany transcendentals.Thus the correspondingquestions
about prime-fieldsets remainopen.
It is well known that Xpf(PG(2,p))= {p }, and so all singletonsin P (except
{0}) form prime-fieldsets. Reid [9] exhibitedthe first two elementprime-fieldset
p(C)
when he constructed a configuration C with Xp

= {1103,

2089). Brylawski and

Reid [2] generalizedthese techniquesto constructmany finite, nonsingletonprimefield sets. (Reid'sexamplewas the firsttwo elementcharacteristicset, as well.)
The main resultof this paper,Theorem4.1, says that for everyk > 0, everysubset
of primesPI < P2 < ... < Pk withPi sufficientlylargeand
Pk <

2

-Ak 3/2)lBk

3/2 j

for fixed constantsA and B, independentof k and PI.... Pk, forms a prime-field
characteristicset. Thus, for all k > 0, there are infinitely many prime-fieldsets
containingexactlyk primes.
??2-4 below are concernedwith constructingfiniteprime-fieldcharacteristicsets.
Finally, we thank ProfessorTom Brylawskifor his helpful conversationsand
ProfessorWilliamLenhartfor computingassistance.
2. Backgroundconstruction.Our goal in ??2-4 is to constructfinite prime-field
characteristicsets. To determineX or Xpf for a given configurationC, it is useful to
constructa representingmatrix(whenX # 0) in a canonicalway.
2.1. Two matrices A1 and A2 over F are projectivelyequivalent if one
DEFINITION

can be obtainedfromthe otherby a sequenceof the followingoperations:
(1) elementaryrow operations,
(2) multiplicationof columnsby nonzeroscalars,
(3) an automorphismof F,
(4) removalof a row of zeros.
Since each of these operationspreservescolumndependences,projectivelyequivalent matrices represent isomorphic matroid configurations.A matroid C (with
x (C) # 0) is projectivelyuniqueif any two matriceswhichrepresentit (overF) are
projectivelyequivalent.Finally, a matroid C is sequentiallyuniqueif there is an
ordering of the points of C = {x1,. . . ,xn} such that for each 1 < i < n, the
submatroid {x1,....

,xi } is projectively unique.

For planarconfigurations(rank 3 matroids),this means that we can assumethe
first four points of C form a quadrangle(a matroidcircuit),and each successive
point is on at least two lines generatedby previouspoints. For such configurations,
of the representingmatrix.
determiningX amountsto examiningall subdeterminants
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Given k primesP1 < P2 < ... <Pk with k > 2, we will constructa configuration
which satisfiestwo conditions.
I. All but the primesp I ... ,Pk are eliminatedfromXpf.
II. No primep1,... ,Pk itself was eliminatedin the process.
To satisfy condition I, we will constructa configurationC such that any matrix
representingC (over the primep1) will containa subdeterminantequal to a nonzero
multiple of PI ... Pk. This is accomplishedby using the von Staudt calculus and
resultsof [3] to do arithmeticsynthetically.We then introducea dependencewhich
forces this product to be zero. This will eliminate all characteristicsnot dividing
PI ... Pk, and thus satisfyI. ConditionII, however,requiresmorecarefulwork.
Althoughmuch of what follows is quite algebraic,the readershouldkeep in mind
the underlyinggeometricstructure.We are only concernedwith representingpointline incidenceswith the columndependencesof a matrix.
Letp1 < P2 < .** < Pk be our finite set of primesand set N = p, *P2 ... Pk + 2.
Let bi denote the integerrepresentedby the first i digits of the binaryexpansionof
N. Thus, b1 = 1, b2 = 2 or 3, and, in general, bi+1 = 2bi or 2bi + 1. This is the

generalbinaryconstructionin [1].
In [1], this bi sequence is used in constructinga sequentiallyunique planar
configuration C satisfying I above (i.e., Xpf(C) C { P19... Pk)). Among other
features,this configurationhas one line containingdistinct points correspondingto
each bi (1 'i < 1g2 N + 1). Thus, for example,if Pi = 5 andP2 = 7 (with k = 2),
then N = 37 and this line contains six points correspondingto the six bi values
1, 2,4, 9, 18, 37. But b3 = 4 9 = b4 (mod5), and so these two points form a
multiplepoint (a two-pointcircuit)over the prime 5, a dependencenot replicated
over 7. Thus II above is not satisfiedin this example.
We circumventthis problem in two ways. First, we modify the bi sequence to
avoid certain"bad" values, e.g., bi - 0 (mod Pi) but bi t 0 (mod P2). Second, we
use projectivecross ratios to preservethe bi coordinate values from one line to
another,so the resultingconfigurationwill not contain a "bad" line, as above. This
avoids the problembi bj (mod Pi) but bi 5 bj (mod P2).
In Figure2.2 below, each line 1iwill contain points with coordinatesinvolvinga
modificationof our bi sequence.Theselines all meet at the point 0. The points Pi are
used to projectcertainpoints fromli to 1i+Iby preservingspecifiedcrossratios.
We now modify the bi sequence.Let bi = bi for i = 1, 2 and 3. In general,we
define bi inductively.Considerthe followingmatrixM(i):
I

0

0

1

1

0

O

1

0

1

1

1

O0

O

1

1

0

1

1

-_
0

1

0

1

0

0

0

1

2

1

1

bi l

bi

bi

bi-2-

ri _

,

where b = 2bhl?1
+ r, and i > 4. (M(i) will be a fundamentalbuilding block in
2
our construction.For now, we use its 3 x 3 subdeterminantsto determinewhich
possiblevaluesfor biare to be avoided.)
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Now consider all 3 x 3 subdeterminants of M(i) involving the term bi. There are
at most (12) = 220 such subdeterminants, and many of these will not involve b,. In
any case, let D be the constant denoting the number of subdeterminants involving bi
in a nontrivial way.
We assume inductively that b1, b12,...,bj have all been defined so that:
(*) None of the D subdeterminants of M(i) vanish (mod Pm) for any m.
We also assume, for i < j,
A. lbi - bil < D k,
B. bi =2bil + ri,>, where Iri-11< 3D k + 1.
Now define bj to be the integer closest to bj so that (*) holds for M(j). (If this
choice is not unique, we arbitrarilyselect the larger value.)

p1

0

FIGuRE2.2
2.3. Suppose 6D k < p, <
satisfies A and B.
LEMMA

...

< Pk. Then the integer bj defined above

PROOF. For condition A, we note that each of the D subdeterminants of M(j)
involving bj is at most a quadratic expression in bj (since the first row of M(j)
contains no bj or rjI> terms). Thus any subdeterminant S involving bi nontrivially
can be congruent to zero (mod Pm) for some m for at most 2k distinct integers near
bj (i.e., in the interval [bj - D *k, bj + D * k]). Thus, at most 2k D potential
choices for bj have been ruled out. Since bj is the integer closes to bj avoiding these
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(at most) 2k D choices,we musthaveIbj- b l < D *k and A is satisfied.For B, we
have
lbj - 2bjll <, lbj - bIl + lbj - 2bjll + 21bjl -bj
< D k + 1 + 2D * k = 3D * k + 1.

This completesthe proof.
3. Construction of the matrix M(N). As before, assume 6D * k < Ph < ... < Pk
and set N = p1 * * Pk + 2. Define the bi sequence as in the previous section. We
will not constructa matrixwhose columndependencesoverPI give a configuration

with characteristicset { pg... ,Pk }.
In Part 1 below, we constructa matrixwhose coordinatescontainall the possible
valuesri can assume(whereb6+1= 2bi + ri, Iril< 3D *k + 1). Appropriateri values
will then be preservedby projectingcorrespondingpoints onto lines createdin Part
2.
PART 1. ri submatrix. Let t = 3D * k + 1 and let M1 be
a,

1
0
O

a2

a3

a4

a5

a6

a7

0
1
0

0
0
1

1
1
1

1
1
0

1
0
1

0
1
1

a,

1
-1
0

ag

a10

2
0
1

1
2
1

all

*--

a12

1
2
0

1
-2
0

1
3
1

1
3
0

1
-3
0

1
*-

1

t

t

1

0

a3t+6
1
-t
0

If we take columndependencesof M1overPI thus creatinga matroidconfiguration
C1,we get the followingproposition.
PROPOSITION

3.1. C1 is sequentially unique.

PROOF.Resultsof [3] allow us to assumecolumnsa1-a4 are uniquelydetermined.
For i > 4 we list the two dependenceswhichdetermineeach columnai uniquelyover
the integers(and henceover the primesubfieldof any field).
a5: a1a2, a3a4

a10: a2a4, a5a7

a6: a1a3, a2a4

a3i-1: a1a2, a3a3i-2

for 4

a3i: a1a2, a9a3i-2
a3i+1: a2a4, a7a3i-1

for 4 < i < t + 2,
for 4 < i < t + 1.

<

i

< t +

2,

a7: a1a4, a2a3

a8: a1a2, a6a7
a9: a1a3, a4a,

PART 2. bi submatrices.
We wish to constructa matrixwhose coordinatescontain
our bi sequence. Consider the matrix M2(i) for 1 < i < n (where bn+ = bn+1 = N):

--.A
K

O

B

C

Flo
1

0

O

1

D

E

ollol0
1 1
1

0

F

G

H

I

J

K

L

11

1
2

0j

1

-ri

0

0
2 1

1

0

ri

I

bi

bi+1

1

bi+l

(Comparewith matrixM(i) in ?2.) Note that M2(1)(with columnsG and J deleted)
gives a sequentiallyuniquematroid(overpI or over the integers).In general,M2(i)
will have all its coordinatesuniquelydeterminedonce columnsG and J have been
determined.

CONSTRUCTING

PRIME-FIELD PLANAR CONFIGURATIONS

497

G

H

FIGupRE3.2

Our basic idea is to "recode"M2(i) by introducinga transcendentalxi in the
coordinates for A, B, and D. Column G will be determinedby projectingthe
appropriateri value from the line z = 0 in M1, while columnJ will be determined
(for i > 1) by projectingthe point correspondingto column L in M2(i - 1). The
configurationresultingfrom this is picturedin Figure3.2.
More precisely, let xl,... , xn be independent transcendentals, where bn+1 = N is
the last term in the bi sequence.For 1 < j < n, we define the "recoded"matrix

M(xj) recursively.Assume M(xi) has been defined for i <i and consider the
columnsA, C and D in the submatrixM2(j). Replacecolumn

A by

xj

C by

[

D by

xi]
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and call these replacements Aj, Cj and Dj respectively. (Column B (which is column
a2 of the submatrix M1) is unchanged.) Then Ej - Lj are determined uniquely as in
Figure 3.2. For example, column Fj is on the line a2Cj and AjDj, so
Fj=

[II]

The others follow similarly. We note, as mentioned above, that Gj and J) may not
have been uniquely determined when j > 1. To accomplish this, we add two points,
Qj and P., to M(xj) whenj > 1 as follows: Q is on a1A1and a5Ej and Pj is on Cj Cj
and Fj?,Fj (see Figure 3.2). In addition, we add column P1 to M(xn) where P1 is
determined by a3Cnn a7Fn. Further, since Hj can be uniquely derived without the
points Qj and Gj precisely when Irjl< 1, we delete columns Qj and Gj from M(xj)
when IrjI< 1; otherwise, we leave them in. Finally, add L' to M(x1) if b2 = 3, where
L' is on a2C1 and D1KI. (L' corresponds to
O

in M2(1).)
We put Parts 1 and 2 together to define the matrix M(N) = [M1M(xI)M(x2)
* M(xn)]. Then M(N) is a 3 x K matrix, where K 14 log2N+ 9D k+ 9.
Thus, in M(N), given our (unjustified) choices for Aj, C1 and Dj, our remaining
coordinates are uniquely determined. After our earlier concern about sequential
uniqueness, the reader may be distressed by the obvious lack of same above. We
remark, however, that we can still determine the characteristic set (of the derived
configuration) by simply examining subdeterminants of M(N). This follows from
the fact that no numerical values have been assigned gratuitously in M(N), i.e., if
some subdeterminant is zero (or nonzero) over a field F, this reflects an actual
dependence (or independence) encountered in trying to embed the derived configuration in PG(2, F).
THEOREM
3.3. Suppose 6D * k < p, < ... < Pk and let C(N) be the configuration
arising from the column dependences of M(N) over the prime Pl. Then X(C(N)) =
{Pi1-* *,Pk)}

We first show that X(C(N)) c { p1,..., Pk). Now the three columns
(or
L'L,P, if b9 = 3) have determinant equal to
L1L,P,
PROOF.

2

N

X1

X,i

2xj2 Nx,2

1
0

(N -2)XlXn(XI

+ Xn)=P1

*... PK xlxn(xI

+ xn).

-x
_x

Thus L1 (or Li), L, and P1 are collinear in C( N) (since Pi divides this determinant). Since the factor of p1 ... Pk is uniquely determined (see arguments preceding
Theorem 3.3), these three points will be independent over characteristicp for p # pi,
1 < i < k. Thus XC {P1.
Pk}.
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It remains to show the reverse inclusion. This requires a systematic check of all
subdeterminants. For each 2 < m < k, we must show the column dependences of
M(N) are exactly the same over p,,1as they are over pi. Now since each pm> 6D k,
any subdeterminant in which no bi term appears will remain the same when
considered modulo the respective primes (as 6D * k > the absolute value of some
coefficient in any such subdeterminant). Therefore, it suffices to consider only those
subdeterminants which involve at least one of Ji, Ki, or Li.
Case 1. Subdeterminants in which all three columns are in one M(xi). These
correspond to "coded" versions of the subdeterminants of M(i) from ?2. For
example, det(D,G,L,) = (x3 - xi) S, where S is the corresponding subdeterminant
in M(i). By construction of the bi sequence and since xi is transcendental, these
subdeterminants cause no trouble. If Pi or Qi is in our subdeterminant, see Case 2.
Case 2. Not all three columns are in any M(xi). We sketch the proof of Case 2. A
more detailed analysis of such subdeterminants is left to the reader.
First note that any 3 x 3 subdeterminant not containing any Pi or Qi will simply
be a polynomial in xl,... , xn with at least one nonzero coefficient. For example,

det(JiAa
kij3r?5!

bi

I

==I xi

X

ii
,
r = rbix2I + xx-bx2xj-rb.x

xj

0

13x7

I

is never zero modulo any of P1,. Pk
Including Pi may give rise to a subdeterminant of the form f(br, bs) g(xi, xj) for
nonconstant polynomials f and g. But this subdeterminant can only occur when
j = i - 1 and Jr - sl < 2. This follows from the fact that points on the line a2Ci-I
are projected onto the line a2Ci via Pi (see Figure 2.2). Thus our 3 x 3 subdetermi.

nant above must contain one point on a2Ci-I

and on a2Ci. Evaluatingthe resulting

determinants yields expressions which are zero over each Pmor nonzero over each Pm.
For example, det(LiPiJi_1) = xix,l1(xi + x11)(bi+ - bi-,). But bi+,1- bi-, is a
subdeterminant of M(j) from ?2, with j = i + 1, and so the construction of the bi
sequence precludes problems here.
The story is similar for the point Q,, although slightly easier. In either case, any
subdeterminant S 0 (mod Pm) for some m will have S 0 (mod Pm) for all m.
This concludes our proof.
4. Finite prime-field characteristic sets. In Theorem 3.3, we note that although
. . . , xn } were chosen to be transcendental, all that was needed was a guarantee
that certain determinants involving these variables did not vanish. Indeed, the
construction will remain valid as long as these variables do not satisfy any member
of the finite list of polynomials arising from all the subdeterminants of M(N). This
observation leads to our main theorem.
{x,

THEOREM 4.1.

Suppose

6D k < P1 <
.

...

<

Pk

< 24(V#P
-Ak

/ )/Bk3"2-

f(pl,

k),
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where A, B and D are fixed constants (independent of k, PI, .,Pk) and Pi is large
enoughso that there are (at least) k primes betweenp1 and f (p, k). Then { PI ... Pk }
forms a prime-field characteristicset.
PROOF.We construct the matrix M(N) and the configuration C(N) as in ?3.
Theorem 3.3 gives us X(C(N)) = { P1,... ,Pk }. We will show that Xpf(C(N)) exists
(and equals { PI, .. . ,Pk }) by assigning prime-field values to each of xI, . . . ,xn so that
no new dependences are created in M(N) modulo any prime pn,(1 < m < k).
We proceed recursively, assuming that values cl, c2, .... , cj-1 have been given to
X1, X2,... , xj -1, respectively, such that no new dependences have been created in the
submatrix (MIM(cl) ... M(cj- )) mod Pmfor any m (i.e., the 0-subdeterminants of
(MIM(xl) ... M(xj-1)) exactly match the 0-subdeterminants of (M1M(cl) ...
Let R1 be the total number of positive integers less than Pi which cj cannot be.
Then R1 < Rn if j < n, for the selection of cj involves avoiding the roots of fewer
polynomials than the selection of Cn involves. (There are more subdeterminants in
(MIM(cI) ... M(Cn-)M(Xn)) than in (M1M(cl) ... M(cj-1)).) Thus it will be
possible to assign prime-field integer values c1 to x 1for 1 j < n if R <p1. To
compute Rn, we examine the subdeterminants of M(N) which contain at least one
, Xn-I1 = Cn-1)
column from M(xn) (wherewe assume xl = cl,
There are (K) - (K-15) such subdeterminants, where K= IM(N)I = 14 - log2 N
+ 9D *k, and each subdeterminant is (at most) a degree five polynomial in xn. Then
cn cannot be any of the (at most) 5 roots for each subdeterminant and for each prime
Pm.Hence, Rn < 5k[(K) - (K15)]. Now
(K)

_ (K15)

C2 * K 2

C2(log2N+

C3

k)2

for constants C2 and C3.

But log2 N < k * 1g2 Pk, so we get Rn < C4k3(10g2
Pk + C3)2.
Therefore, we can assign a value cn to xn (and hence cj to xj for all j < n) without
introducing new dependences provided C4k3(10g2 Pk + C3)2 < Pl, orpk < f( pl K)
for constants A = 674 6C3, B =
4'
To complete the proof, we need only check that, for k fixed and p1 sufficiently
large, there are k primes in the interval between PI and f( p1, k). But this follows
easily from the Prime Number Theorem (see e.g., p. 371 of [5]). Thus, t P1,... ,Pk }
forms a prime-field set and we are done.
We note that any subset of a prime-field set formed in this fashion will also be a
prime-field characteristic set. (Just apply the same construction to the subset.) This
proves
COROLLARY4.2. For any k > 0, there are infinitely many prime-field characteristic
sets containing exactly k primes.

In general, it is unknown (and probably false) whether a subset of a finite
prime-field characteristic set is again a prime-field characteristic set.
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5. Cofinite prime-fieldcharacteristicsets. It is well known that {O}U [p, x0)p
formsa cofiniteprime-fieldset for any primep (where[p, x)p denotesthe set of all
primes> p). See [2] for details.We wish to determinewhat otherformscofinitesets
can take. In particular,we show that certainfinite sets of primescan be excluded
from these" upperinterval"cofinitesets.
Let n be a positive integerand let Q be an arbitraryset of k primesbetweenn2
and n2 + n (or n2 + n and (n + 1)2, resp.). Write pi = n2 + ri (n2+ n + ri, resp.)
EP Q,where0 < ri < n for alli.
for eachp,
Define the matrixM(Q) to be
1 0
0 1

1
-1

0 0 1 1 0 1 1

0

1
0

0
1

0
0

1
1

1
1

0
1
-1

1
0

2

0
1
-2

1
0

3

0
1
-3

1
0 O
n

0
1
-n

1
0
-rk

if the primesin Q are betweenn2 and n2 + n. If eachpi e Q is betweenn2
(n + 1)2, we defineM'(Q) be deleting

+

n and

n

fromM(Q) and adding
[nO1]
n+1

and

n + I].
0A

Let C(Q) (C'(Q), resp.)denote the matroidconfigurationarisingfromthe column
dependences of M(Q) (M'(Q), resp.) over the integers. We state Theorem 5.1
withoutproof.
(1) C(Q) (C'(Q), resp.) is sequentiallyunique.
(2) Xpf(C(Q)) = {0} U [ n2, x) - Q.
(3) Xpf(C'(Q)) = {O) U [n2 + n, oo)p - Q.

THEOREM 5.1.

Finally, we note that if thereare k primesbetweenn2 and n2 + n (or n2 + n and
(n + 1)2), Theorem5.1 gives us 2k prime-fieldsets, of which only k + 1 are upper
intervalsets.
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